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Experimental tests of the Peyrard-Bishop model applied to the melting of very short DNA chains
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The melting curves of short heterogeneous DNA chains in solution are calculated on the basis of statistical
thermodynamics, and compared to experiments. The computation of the partition function is based on the
Peyrard-Bishop Hamiltonian, which has already been adopted in a theoretical description of the melting of long
DNA chains. In the case of short chains it is necessary to consider not only the breaking of the hydrogen bonds
between single base pairs, but also the complete dissociation of the two strands forming the double helix.
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I. INTRODUCTION

There is a need for a theory of the melting of short DN
chains~oligonucleotides!. The melting is the highly coopera
tive thermal disruption of hydrogen bonds between comp
mentary bases in the double helix, as usually monitored
the UV absorption increment due to the unstacking of
separated bases@1#. At the equilibrium melting temperature
half of the bonds are disrupted. Synthetic oligonucleotide
a fixed length and base pairs sequence have been used
long time as model systems for the study of the structu
and thermodynamical properties of the longer and m
complex natural forms of DNA@2#. Many studies have
shown the effects of both sequence and solvent compos
on the melting curves of oligonucleotides in solution@3#.
More recently, particular attention has been given to
study of the sequence effects on the thermal stability o
variety of specially designed oligonucleotides, due to th
importance in the exploitation of molecular biological tec
niques in gene therapy@4# and genome mapping@5#. Predic-
tive information has been gained through an extensive t
modynamical investigation of the melting behavior
oligonucleotides, based on the computation of the Gibbs
energy, at a fixed solvent composition, as a sum of contr
tions from nearest neighbors in the sequences@6,7#. This
phenomenology, and the predictive power of the thermo
namical approach, should then be confronted with a mic
scopic theory of short, heterogeneous DNA chains.

Modeling of DNA melting was initially motivated by the
study of the important process of transcription, in which t
double helix has to be opened locally to allow a reading
the genetic code. This was based, many years ago, on Is
like models@8,9#, and more recently on an approach bas
on the modified self-consistent phonon approximation@10#
~see also Ref.@11# and references therein!. These methods
allow only equilibrium estimates of the probability of bon
disruption. However, it is also important to consider DN
dynamics, both at melting and premelting temperatu
There is an interest in relaxation and kinetic phenome
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which are relevant for pharmacological applications@4#, and
in the study of nonlinear energy localization and transd
tion. With a particular focus on the last problem, discre
nonlinear models of DNA~see, e.g., Refs.@12,13#, and, for a
review, Ref. @14#! have been introduced; sequence effe
were considered in Ref.@15#. These models are appealin
because they are simplified microscopic models with a sm
number of degrees of freedom, and thus are also afford
for the simulation of very long times. The experimenta
available melting curves offer a way to optimize the para
eters of these models, and therefore also increase confid
in their use in dynamical studies.

With a particular interest in thermal stability, a dynamic
model was introduced by Peyrard and Bishop in 1989@16#
~the PB model!. The authors showed, through statistical m
chanics calculations and constant temperature molecular
namics@16–18#, applied to the case of a very long homog
neous DNA chain, that the model can give a satisfact
melting curve, especially after the improvement introduc
in Ref. @18#. The PB model has been successively applied
heterogeneous chains, either modeling the heterogeneity
a quenched disorder@19#, or properly choosing basis sets o
orthonormal functions for the kernels appearing in the
pression of the partition function@20#, but comparison with
experimental data was not attempted. In all these works
fact that the DNA’s considered are quite long was essen
for the following reason. In a solution with two types o
DNA single strandsA andB, there is a thermal equilibrium
between dissociated strands and associated double st
~the duplexesAB), and a thermal equilibrium, in the du
plexes, between broken and unbroken interbase hydro
bonds. The average fractionu of bonded base pairs can the
be factorized asu5uextu int @8,9#. uext is the average fraction
of strands forming duplexes, whileu int is the average fraction
of unbroken bonds in the duplexes. The dissociation equi
rium can be neglected in the case of long chains, whereu int
and thusu go to 0 whenuext is still practically 1. Conversely,
in the case of short chains the processes of single bond
ruption and strand dissociation tend to happen within
same temperature range; therefore, the computation of
u int anduext is essential, as we will point out while presentin
our comparison with experimental data. In Ref.@20# the fac-
ic
3585 © 1998 The American Physical Society
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3586 PRE 58ALESSANDRO CAMPA AND ANDREA GIANSANTI
torization ofu is stated, but only the case of long chains
then considered.

The aim of this work is to show, through a comparis
with experimental data, that the one-dimensional PB mo
can be used to compute the melting curves of short DNA
It will also be shown how to take into account the dissoc
tion equilibrium.

II. MODEL AND RESULTS

The potential of the PB model@16–18# is given by

U5(
i

H k

2
@11re2a~yi 111yi !#~yi 112yi !

2

1Di~e2aiyi21!2J , ~1!

where yi is the distance between thei th complementary
bases minus their equilibrium separation. The parameterk,
r, anda refer to the anharmonic stacking interaction, wh
the interbase bond is represented by a Morse potential,
depth Di and width ai . In Refs. @16–18# there is only a
single parameterD because only homogeneous DNA’s ha
been considered. The stacking interaction, that in the
attempts @16,17# was purely harmonic (r50), decreases
when the complementary bases reach farther (r positive!:
this r dependent nonlinear term was found to be relevan
give cooperativity to the melting process@18#.

To model heterogeneous DNA’s, we have inserted t
different values of Di , according to the two possibl
Watson-Crick base pairs: adenine-thymine~AT! and
guanine-cytosine~GC!. The former has two hydrogen bond
while the latter has three. We have then chosen a depth
the GC Morse potential 1.5 times that for the AT Mor
potential. The complete set of parameter values that we h
chosen is k50.025 eV/Å2, r52, a50.35 Å21, DAT
50.05 eV, DGC50.075 eV, aAT54.2 Å21, and aGC
56.9 Å21. For a given set of values, the melting tempe
ture of homogeneous DNA can be deduced with the te
nique of the transfer matrix method@16–18#, and the values
have been adjusted to reproduce the experimentally obse
melting temperature of long homogeneous DNA in the m
usual solvent conditions@9,21#. The set of values given
above has been used for all the different oligonucleoti
considered. The parameter values are close to those in
original PB model.

We have then made a statistical mechanics computa
in which partition functions have been used to obtain b
u int anduext. For the computation ofu int one has to separat
the configurations describing a double strand on the
hand, and dissociated single strands on the other. The
possibility of dissociation makes this a nontrivial proble
We have adopted the following strategy. Thei th bond is
considered disrupted if the value ofyi is larger than a chose
thresholdy0. We therefore have defined a configuration
belong to the double strand if at least one of theyi ’s is
smaller thany0. It is then natural to defineu int for anN base
pair duplex by
el
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^q~y02yi !&,

whereq(y) is the Heaviside step function and the canoni
average^ & is defined considering only the double stra
configurations. We have chosen a value of 2 Å fory0. After
a discretization of the coordinate variables and the introd
tion of a proper cutoff on the maximum value of theyi ’s
@10#, the computations needed for the canonical averages
readily reduced to the multiplication of finite matrices, sin
the potential~1! couples only nearest neighbors, and are e
ily performed by suitable computer programs.

Let us now consideruext. At equilibrium the chemical
potentials of the three speciesA, B, andAB @22# are related
by the equation:mAB2mA2mB50. Using the definition of
the chemical potentials as derivatives of the free energy,
in turn the relation of the latter to the partition functions, w
obtain an equation involving appropriate partition function
In the usual experimental conditions the solutions can
considered ideal; with the further assumption that the mo
effectively takes the presence of the solvent into account,
obtain the usual equilibrium condition:

NABZ~A!Z~B!

NANBZ~AB!
51,

where Nj is the number of molecules of speciesj in the
volumeV considered, andZ( j ) is the partition function of a
molecule of speciesj in V @23#. The numbersNj are related
by the constraints 2NAB1NA1NB5const[2N0 and DNA
5DNB52DNAB . Considering the caseNA5NB ~the ex-
perimental curves that we are presenting are made in th
conditions, with the duplex obtained by annealing equal c
centrations ofA andB), we arrive at the following expres
sion for uext[NAB /N0:

uext511d2Ad212d,

whered is given by the expression:

d5
Z~A!Z~B!

2N0Z~AB!
[

Zint~A!Zint~B!

aavZint~AB!

aavZext~A!Zext~B!

2N0Zext~AB!
, ~2!

where in the rightmost side we have introduced the sep
tion of the partition functions in internal and external pa
@8,9#; the meaning ofaav will be explained in a moment. Fo
the calculation of the internal functions, that do not inclu
the overall translation of the molecules, we use the DN
model described above~which is also simply adapted to th
description of single strands, allowing an analytical evalu
tion: only a harmonic stacking interaction remains, which
weaker than in the duplex, since in this case the term invo
ing r is 0!. We have chosen to insertaav5AaATaGC in the
last side of Eq.~2! to make both fractions separately dime
sionless; therefore they cannot depend on the choice of u
Without any such normalization the first fraction would ha
the dimensions of an inverse of a length, since the ove
translation is not included inZint . It is included in the exter-
nal functions, that, however, also have to take into acco
the dynamics not described by the simple one-dimensio
model, related to conformational movements~like, for ex-
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ample, the winding of the strands!. This point was already
considered in Ising models: the influence on the dissocia
process of the degrees of freedom not described by the m
cannot be neglected, and it must be accounted for in s
way. In analogy to what was proposed for the Ising mod
@8,9# on the basis of the partition functions of rigid bodi
@24#, we make the following choice:

aavZext~A!Zext~B!

2N0Zext~AB!
5

n*

n0
N2pu int1q, ~3!

where the parametersp andq can be fixed by a compariso
with experimental melting curves;n0 is the single strand
concentrationN0 /V, and n* is a chosen reference conce
tration ~we have taken 1mM, a usual concentration in ex
periments!. We defer further comments about this equati
until after the presentation of the results.

Here we show the comparison of our calculations with
experimental melting curves that have been obtained, in
lab, for three different oligonucleotides, in a 10-mM N
phosphate buffer, 0.1-mM Na2EDTA and 200-mM NaCl,pH
6.7. One of the oligonucleotides contained 27 base pairs,
the other two had 21 base pairs. The sequences are give

~s1! 58CTTCTTATTCTTATTGTTCGTCTTCTC38 ,

~s2! 58CTCTTCTCTTCTTTCTCTCTC38 ,

~s3! 58GTGTTAACGTGAGTATAGCGT38 ,

and by the respective complementary strands. We have
sidered the cases3 at two different concentrations. Th
single strand concentration was (s1) 2.4 mM, (s2) 1.7 mM,
and (s3) 3.1 and 120mM. In Fig. 1 we show the experimen
tal and computed melting curves. Our computations,
stated above, take into account both factorsu int anduext. To
assess quantitatively the effect ofuext, we have checked tha
at complete melting, whenu becomes practically zero~i.e.,
f51), the values ofu int are still 0.81~a!, 0.85~b!, 0.83~c!,
and 0.78~d!. This is consistent with the Ising-like computa
tion shown by Wartell and Benight for a 95 base pair DN
whereu int at complete melting is still 0.63~see Fig. 8 of Ref.
@9#!. As can be seen, there are sequence and concentr
effects on the experimental melting curves, which are w
reproduced by the computed curves. Note that a 40-fold c
centration increase fors3 yields an increase of only 5° in th
melting temperature~a logarithmic dependence on the co
centration is expected@1#!. Similar differences between
curves at the low concentrations should then be due to
quence and length effects. We would like to stress that in
cases3 the parametersp and q have been fitted to the ex
perimental curve at the lower concentration. The compari
with the experimental curve at the higher concentration
then been performed with only the change of the value ofn0
in Eq. ~3!, without changing the values ofp andq; this has
reproduced the difference between the melting temperat
of the two cases, that differ by about 5°. This fact indica
that the concentration dependence of the left-hand sid
Eq. ~3! is described by the preexponential factor, while t
parametersp and q are related to the molecular conform
tion. At the beginning of the melting region, especially F
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1~a! shows a slight disagreement between computed and
perimental curves. However, it has to be noted that our
perimental curves have been normalized following a st
dard procedure, in which base line subtraction can h
minor effects on the shape of the normalized curves, part
larly in the premelting region~see, e.g., Sec. 1 of Ref.@9#!.

III. CONCLUSIONS

In conclusion, our comparisons show that it is feasible
compute the equilibrium melting profile of DNA oligonucle
otides with the PB nonlinear model. We would also like
note that the modelization of the external partition functio
ratio in Eq.~3! is very similar to that adopted in Ising mode
for medium size DNA’s~100–600 base pairs! @8,9#. This
confirms that this term is related to the conformational fle
ibility of the double and single strands, not described by
one-dimensional model. The internal term is related to
one-dimensional Hamiltonian, and then to nearest neigh
interactions. For long DNA’s~large N), at temperatures in
which u int is already close to 0, the part in Eq.~2! depending

FIG. 1. Experimental melting profiles~full lines! and theoretical
results~dashed lines! for the three DNA chains. We have plotted th
value off[12u. ~a! Sequences1. ~b! Sequences2. ~c! Sequence
s3 at the lower concentration.~d! Sequences3 at the higher concen-
tration. The fitted parametersp and q have the following values:
p532.43 andq529.30 fors1, p536.77 andq534.89 fors2, and
p529.49 andq527.69 fors3.
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on the internal partition functions goes ase2gN for some
positiveg, and thusd'0 anduext'1. ThisN dependence o
the internal part can be seen, for example, in the cas
homogeneous sequences with the transfer matrix me
@16–18#. It is expected to be the same for heterogene
sequences.

In very short chains like ours, it is not surprising that t
specific sequence has some influence on the parametep
and q, while in medium chains some self-averaging effe
should already take place. In fact, as shown in the captio
Fig. 1, we have found differences of about 25% in the
rameters referring to different sequences. We are now w
ing on a more extended set of melting curves for a prope
chosen set of oligonucleotides, that can help in the attemp
find the relation between the specific sequence and the
mized parameters. Such a study will also regard the qua
tative assessment of the sensitivity of the melting curves
uext and to the fitted parametersp andq, as a function ofN.
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As we noted, in the limit of largeN this sensitivity should go
to 0. At the end it would be possible to test the predicti
power of this model and confront it with the predictions
purely thermodynamical calculations.

In a more extended paper, in preparation, we will show
more exhaustive comparison with experimental curves.
will also check if a simple analysis based on the number
occurrences of the different intrastrand nearest neigh
couples in the sequences is sufficient to obtain the par
eters, similarly to what happens in the calculations of Gib
free energy in short oligonucleotides@6,7#.
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